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We construct the first-order symmetry operators of Killing spinor equation in terms of odd Killing-
Yano forms. By modifying the Schouten-Nijenhuis bracket of Killing-Yano forms, we show that
the symmetry operators of Killing spinors close into an algebra in AdS5 spacetime. Since the
symmetry operator algebra of Killing spinors corresponds to a Jacobi identity in extended Killing
superalgebras, we investigate the possible extensions of Killing superalgebras to include higher-
degree Killing-Yano forms. We found that there is a superalgebra extension but no Lie superalgebra
extension of the Killing superalgebra constructed out of Killing spinors and odd Killing-Yano forms
in AdS5 background.
I. INTRODUCTION
Constructing symmetry operators of an equation is an important step to obtain its solutions. The commuting
symmetry operators can give way to find the solutions of the equation by the method of separation of variables [1].
First-order symmetry operators of the Dirac equation in curved backgrounds can be constructed from Killing-Yano
(KY) forms which correspond to the antisymmetric generalizations of Killing vector fields [2–4]. Although in some
special cases, which constrain the properties of KY forms, they can satisfy a closed symmetry algebra [5], this is
not the case in general and one has to construct higher order operators. A subset of the solutions of the Dirac
equation is Killing spinors which are solutions of the twistor equation at the same time [6, 7]. Killing spinors play an
important role in supergravity theories since the supergravity Killing spinors, which are parallel spinors with respect
to a supergravity spin connection and correspond to the preserved supersymmetries of the supergravity background,
can be constructed from the Killing spinors by the cone construction [8]. Hence, finding the solutions of the Killing
spinor equation gives way to determine the supergravity Killing spinors in relevant supergravity backgrounds. One
way to find the solutions of Killing spinor equation is constructing the symmetry operators and since they are a subset
of the solutions of the Dirac equation, the symmetry operators of both equations can be related to each other.
Killing spinors also play a role in the construction of the Killing superalgebras which determine the geometrical
peoperties of supergravity backgrounds [9, 10]. They constitute the odd part of the superalgebra and the squaring
map of Killing spinors generates Killing vector fields which correspond to the even part of it. However, the squaring
map also generates higher-degree forms and they correspond to KY forms for the Killing spinor case [11]. So, the
possibilities of the extensions of Killing superalgebras to include higher-degree KY forms is worth to investigate. On
the other hand, Killing spinors generate only a subset of KY forms through the squaring map in general and there may
be KY forms that cannot be obtained from Killing spinors while constructing symmetry operators of Killing spinors
from KY forms can give way to find all the Killing spinors of the background. The classification of the manifolds that
have parallel spinors and Killing spinors has been done by using G-structures [8, 12]. It is known that the manifolds
that have Killing spinors also have KY forms [13]. However, there are also manifolds that have KY forms and are
not in the classification table of the manifolds that have Killing spinors. One example for this case is the nearly
K-cosymplectic manifolds for which the fundamental form corresponds to a KY 2-form [14].
In this paper, we show that the first-order symmetry operators of the Killing spinor equation can be induced from
the first-order symmetry operators of the Dirac equation by restricting them to the odd KY forms. KY forms satisfy
a graded Lie algebra structure under Schouten-Nijenhuis (SN) bracket in constant curvature spacetimes [15, 16].
However, the first-order symmetry operators do not satisfy a closed algebra under this bracket. To obtain a symmetry
algebra of Killing spinors, we concentrate on five dimensional constant curvature spacetimes and define a modified
KY bracket. Although we choose the five dimensional anti-de Sitter (AdS5) spacetime because of the importance
of it in string theory and supergravity backgrounds, the analysis is also relevant in other five and lower dimensional
∗Electronic address: umitertemm@gmail.com
2constant curvature backgrounds. We show that the modified KY bracket gives again a KY form and prove that
the first-order symmetry operators of Killing spinors satisfy a symmetry algebra with respect to this bracket. Since
the symmetry algebra property of Killing spinors correspond to one of the Jacobi identities of extended Killing
superalgebra, we investigate the conditions on the extension of Killing superalgebras in AdS5. We found that there is
no extension of the Killing superalgebra since the Jacobi identities constrain the possibilities of Lie brackets between
superalgebra elements, but the Killing spinors and odd KY forms constitute a superalgebra since the bilinear maps
of the superalgebra can be defined, although it is not a Lie superalgebra.
The paper is organized as follows. In Section 2, we construct the first-order symmetry operators of Killing spinor
equation from odd degree KY forms. In a subsection, we demonstrate the graded Lie algebra structure of KY forms
under SN bracket and by concentrating on AdS5 spacetime, we define a new modified KY bracket. Another subsection
includes the proof of the first-order symmetry operator algebra of Killing spinors with respect to the modified KY
bracket. In Section 3, we consider the construction of Killing superalgebras and investigate the conditions for extending
them to include higher-degree KY forms and symmetry operators of Killing spinors. Section 4 concludes the paper.
II. FIRST-ORDER SYMMETRY OPERATOR ALGEBRA OF KILLING SPINORS
In a spin manifold M , spinor fields are defined as the sections of the spin bundle S(M) which can be induced from
the Clifford bundle Cl(M). We consider two first-order differential operators defined on spinor fields. The first one is
the Dirac operator defined as follows
6D = ea.∇Xa (1)
where {Xa} is orthonormal frame basis and {e
a} is orthonormal co-frame basis that satisfy ea(Xb) = δ
a
b . ∇ is the
spinor covariant derivative defined on spinor fields and . denotes the Clifford product. Spinor fields that are in the
kernel of the Dirac operator are called harmonic spinors and correspond to the solutions of the massless Dirac equation.
The massive Dirac equation for a spinor ψ is written as follows
6Dψ = mψ (2)
where m denotes the mass and the solutions of the Dirac equation are eigenspinors of the Dirac operator. The second
first-order differential operator that we consider is the twistor or Penrose operator defined as
PX = ∇X −
1
n
X˜. 6D (3)
where X is any vector field with X˜ its metric dual and n is the dimension of the manifold. The spinor fields that are
in the kernel of the twistor operator are called twistor spinors and satisfy the following twistor equation
∇Xψ =
1
n
X˜. 6Dψ. (4)
Twistor spinors that are also eigenspinors of the Dirac operator at the same time are called Killing spinors. They are
solutions of the Killing spinor equation which is written as follows
∇Xψ = λX˜.ψ (5)
where λ is a complex constant called Killing number which is real or pure imaginary. The existence of Killing spinors
constrains the geometry such that the scalar curvature of the manifold is equal to
R = −4λ2n(n− 1). (6)
A special class of manifolds that satisfy this condition are constant curvature spacetimes with curvature Rab =
−4λ2ea∧ eb. For λ real these correspond to negative curvature manifolds such as anti-de Sitter (AdS) spacetimes and
for λ pure imaginary they correspond to positive curvature manifolds such as de Sitter (dS) spacetimes.
Symmetry operators play important roles in finding solutions of differential equations. Solutions of Dirac equation
(2) are preserved under the Lie derivative operation on spinors with respect to a Killing vector field, namely the Lie
derivative of a solution is again a solution. This means that the Lie derivative with respect to a Killing vector is
a symmetry operator of the Dirac equation. For massles Dirac equation this is also the case for the Lie derivative
3with respect to conformal Killing vectors. The Lie derivative with respect to a Killing vector field K is defined for an
inhomogeneous differential form α as follows [17]
LKα = ∇Kα+
1
4
[dK˜, α]Cl (7)
where [., .]Cl is the Clifford commutator. The Lie derivative on spinor fields with respect to a Killing vector field can
be defined from (7) by projecting the second term on the minimal left ideal of the Clifford algebra [18];
LKψ = ∇Kψ +
1
4
dK˜.ψ. (8)
Other first-order symmetry operators of the Dirac equation can be constructed from higher degree forms. These
higher degree forms are antisymmetric generalizations of Killing vector fields and are called Killing-Yano (KY) forms
[19]. A KY p-form ω satisfy the following equation
∇Xω =
1
p+ 1
iXdω (9)
where X is an arbirtary vector field, iX is the interior derivative operator and d is the exterior derivative. First-order
symmetry operators of Dirac equation constructed out of KY p-forms ω are written as follows [2–4]
Lωψ = (iXaω).∇Xaψ +
p
2(p+ 1)
dω.ψ. (10)
For the special case of p = 1, this symmetry operator reduces to the Lie derivative of a spinor with respect to a Killing
vector field in (8). In this sense, the symmetry operators of Dirac equation can be seen as generalized Lie derivatives
of spinors with respect to KY forms and the action of these operators to inhomogeneous differential forms α can be
written as
Lωα = (iXaω).∇Xaα+
p
2(p+ 1)
[dω, α]Cl. (11)
On the other hand, the symmetry operators of massless Dirac equation can be constructed out of conformal KY
forms which are antisymmetric generalizations of conformal Killing vectors. Similarly, the first-order operators taking
solutions of the twistor equation to the solutions of the Dirac equation can also be constructed from conformal KY
forms in conformally flat spacetimes [20].
Although the operator in (10) is a symmetry operator for the Dirac equation, this does not mean that it can also
preserve the subset of Killing spinors. However, we will see that this can be possible for some special cases. By using
the definition of Killing spinor equation in (5), the action of (10) on a Killing spinor ǫ reads
Lωǫ = (iXaω).∇Xaǫ +
p
2(p+ 1)
dω.ǫ
= λ(iXaω).ea.ǫ+
p
2(p+ 1)
dω.ǫ
= (−1)p−1λpω.ǫ+
p
2(p+ 1)
dω.ǫ (12)
where we have used the equality iXaω.ea = (−1)
p−1ea ∧ iXaω = (−1)
p−1pω. In fact, the symmetry operators in
(10) constructed out of odd degree KY forms also preserve the solutions of the Killling spinor equation in constant
curvature spacetimes, namely if ǫ is a Killing spinor, then Lωǫ is also a Killing spinor in that case. So, we have the
equality ∇XLωǫ = λX˜.Lωǫ. This can be proven as follows. The left hand side can be calculated from (12) for a frame
basis Xa and for an odd KY p-form ω as
∇XaLωǫ = ∇Xa
(
λpω.ǫ +
p
2(p+ 1)
dω.ǫ
)
= λp∇Xaω.ǫ+ λpω.∇Xaǫ+
p
2(p+ 1)
∇Xadω.ǫ+
p
2(p+ 1)
dω.∇Xaǫ
= λ
p
p+ 1
iXadω.ǫ+ λ
2pω.ea.ǫ+
1
2
(Rba ∧ iXbω).ǫ + λ
p
2(p+ 1)
dω.ea.ǫ (13)
4where we have used (9), (5) and the integrability condition of KY forms which is
∇Xadω =
p+ 1
p
Rba ∧ iXbω (14)
(see [21] for a proof). The Clifford product of a 1-form X˜ with a p-form α can be written in terms of wedge product
and interior derivative as follows
X˜.α = X˜ ∧ α+ iXα (15)
α.X˜ = X˜ ∧ ηα− iXηα (16)
where η acts on p-forms as ηα = (−1)pα. By using these equalities and the curvature 2-forms Rba = −4λ
2eb ∧ ea, we
obtain
∇XaLωǫ = λ
p
p+ 1
iXadω.ǫ+ λ
2p(−ea ∧ ω + iXaω).ǫ− 2λ
2(eb ∧ ea ∧ iXbω).ǫ
+λ
p
2(p+ 1)
(ea ∧ dω − iXadω).ǫ
= λ2p(ea ∧ ω).ǫ+ λ
2piXaω.ǫ+ λ
p
2(p+ 1)
(ea ∧ dω).ǫ+ λ
p
2(p+ 1)
iXadω.ǫ (17)
where we have used eb ∧ iXbω = pω. On the other hand, we can obtain the following equality for the right hand side
of the Killing spinor equation of Lωǫ
λea.Lωǫ = λ
2pea.ω.ǫ+ λ
p
2(p+ 1)
ea.dω.ǫ
= λ2p(ea ∧ ω + iXaω).ǫ + λ
p
2(p+ 1)
(ea ∧ dω + iXadω).ǫ. (18)
By comparing (17) and (18), one can see that
∇XaLωǫ = λea.Lωǫ. (19)
This shows that the symmetry operators in (10) constructed out of odd KY forms preserve the solutions of the Killing
spinor equation in constant curvature spacetimes. In fact, they also correspond to symmetry operators of Killing
spinors in more general manifolds, but this time they must be constructed out of odd special KY forms. Special KY
forms satisfy the following condition [22, 23]
∇Xdω = −
p+ 1
n(n− 1)
RX˜ ∧ ω.
This is the special case of the integrability condition in (14) and in constant curvature spacetimes every KY form
satisfies this condition, so all KY forms are special KY forms in that case. As can be seen from a similiar analysis
given in (12) to (19), the even KY forms does not generate a symmetry operator for the Killing spinor equation. The
natural question to ask at this point is that whether the first-order symmetry operators constructed for Killing spinor
equation can close into an algebra structure as in the case of Killing vector fields that satisfy [LX ,LY ] = L[X,Y ]. To
answer this question, one needs to find a relevant bracket for KY forms and this will be the task in the next subsection.
A. A New Bracket for KY Forms
The generalization of the Lie bracket of vector fields to higher degree forms corresponds to Schouten-Nijenhuis (SN)
bracket [24, 25]. This bracket is defined for a p-form α and a q-form β as follows
[α, β]SN = iXaα ∧ ∇Xaβ + (−1)
pqiXaβ ∧ ∇Xaα (20)
which gives a (p+ q− 1)-form and reduces to the metric dual of the ordinary Lie bracket of vector fields for p = q = 1.
SN bracket satisfies the following graded Lie bracket properties
[α, β]SN = (−1)
pq[β, α]SN (21)
5(−1)p(r+1)[α, [β, γ]SN ]SN + (−1)
q(p+1)[β, [γ, α]SN ]SN + (−1)
r(q+1)[γ, [α, β]SN ]SN = 0 (22)
where γ is an r-form. While Killing vector fields constitute a Lie algebra with respect to the Lie bracket of vector fields
in all cases, KY forms satisfy a graded Lie algebra or a Lie superalgebra structure in constant curvature spacetimes
[15, 16]. To prove this, let us consider a KY p-form ω1 and a KY q-form ω2 and compute the covariant derivative of
their SN bracket
∇Xb [ω1, ω2]SN = ∇Xb
(
iXaω1 ∧ ∇Xaω2 + (−1)
pqiXaω2 ∧ ∇Xaω1
)
= ∇Xb iXaω1 ∧ ∇Xaω2 + iXaω1 ∧ ∇Xb∇Xaω2
+(−1)pq∇Xb iXaω2 ∧ ∇Xaω1 + (−1)
pqiXaω2 ∧ ∇Xb∇Xaω1
=
1
(p+ 1)(q + 1)
(iXaiXbdω1 ∧ iXadω2 + (−1)
pqiXaiXbdω2 ∧ iXadω1)
+
1
q
iXaω1 ∧ iXa(Rcb ∧ iXcω2) +
(−1)pq
p
iXaω2 ∧ iXa(Rcb ∧ iXcω1) (23)
where we have used (9), the definition of the curvature operator [∇Xa ,∇Xb ] = R(Xa, Xb) + ∇[Xa,Xb] and (14). On
the other hand, if we apply first d and then iXb to the SN bracket of KY forms, we obtain
iXbd[ω1, ω2]SN = iXbdiXaω1 ∧ ∇Xaω2 + (−1)
pdiXaω1 ∧ iXb∇Xaω2
−(−1)piXb iXaω1 ∧ d∇Xaω2 + iXaω1 ∧ iXbd∇Xaω2
+(−1)pqiXbdiXaω2 ∧ ∇Xaω1 + (−1)
p(q+1)diXaω2 ∧ iXb∇Xaω1
−(−1)p(q+1)iXbiXaω2 ∧ d∇Xaω1 + (−1)
pqiXaω2 ∧ iXbd∇Xaω1
=
p+ q
(p+ 1)(q + 1)
(iXaiXbdω1 ∧ iXadω2 + (−1)
pqiXa iXbdω2 ∧ iXadω1)
−(−1)p
(
1
p
+
1
q
)
iXb (iXaω1 ∧Rca ∧ iXcω2) (24)
where we have used (9), the definition of the curvature operator and [∇X , d] = 0. By comparing (23) and (24), one
can see that the SN bracket of KY form does not satisfy the KY equation in general. However, for constant curvature
spacetimes Rab = cea ∧ eb, the curvature terms of both equations cancel each other and one obtains the KY equation
∇Xb [ω1, ω2]SN =
1
p+ q
iXbd[ω1, ω2]SN . (25)
This shows the graded Lie algebra structure of KY forms in constant curvature spacetimes. Indeed, it corresponds
to a Lie superalgebra k = k0 ⊕ k1 with the Lie algebra of odd KY forms k0 and the space of even KY forms k1. So,
the odd KY forms satisfy a Lie algebra under SN bracket and the algebra structure of symmetry operators of Killing
spinor equation in terms of odd KY forms can be investigated.
Although the SN bracket is a generalization of the Lie bracket of Killing vector fields to higher degree KY forms, the
first-order symmetry operators of the Killing spinor equation do not satisfy an algebra with respect to SN bracket in
general, namely [Lω1 , Lω2 ] 6= L[ω1,ω2]SN . However, we will consider the five dimensional constant curvature spacetimes,
especially AdS5, and define a new bracket of KY forms to obtain an algebra structure of first-order symmetry operators
of the Killing spinor equation. The results will be relevant for other five dimensional constant curvature spacetimes
such as dS5 and Minkowski spacetimes and also for lower dimensions. We choose AdS5 as an example, because of the
importance of it in string theory and supergravity backgrounds.
The new modified bracket of KY forms in AdS5 that we propose is
[ω1, ω2]KY =
pq
p+ q − 1
[ω1, ω2]SN −
pq
p+ q
[iXaiXbω1, iXaiXbω2]SN . (26)
In five dimensions, odd KY forms are 1-forms, 3-forms and 5-form. KY 5-form corresponds to the volume form with
a constant coefficient. So, one can see from the definition of the SN bracket that the second term on the right hand
side of (26) is non-zero only for p = q = 3. We know that the first term on the right hand side of (26) gives a KY
form, but we have to prove that this is also the case for the second term. It is enough to show this for p = q = 3 and
if we calculate the covariant derivative of the second term on the right hand side of (26), we find
∇Xd [iXbiXcω1, iXb iXcω2]SN =
1
q + 1
∇Xd(iXa iXbiXcω1)iXaiXbiXcdω2
6+
1
q + 1
(iXa iXbiXcω1)∇Xd iXaiXbiXcdω2
−
1
p+ 1
∇Xd(iXa iXbiXcω2)iXaiXb iXcdω1
−
1
p+ 1
(iXaiXbiXcω2)∇Xd iXaiXb iXcdω1
=
1
(p+ 1)(q + 1)
(iXa iXb iXciXddω1)iXa iXbiXcdω2
+
1
q
(iXa iXb iXcω1)iXaiXb iXc(Rfd ∧ iXfω2)
−
1
(p+ 1)(q + 1)
(iXaiXbiXciXddω2)iXa iXb iXcdω1
−
1
p
(iXaiXbiXcω2)iXa iXbiXc(Rfd ∧ iXfω1) (27)
where we have used (9), (14) and [∇Xa , iXb ] = i∇XaXb . The existence of Killing spinors in AdS5 imposes the condition
that the curvature 2-forms are equal to Rab = −4λ
2ea ∧ eb (for λ real). By using this, we obtain
∇Xd [iXb iXcω1, iXbiXcω2]SN =
1
(p+ 1)(q + 1)
(
(iXa iXb iXciXddω1)iXaiXb iXcdω2
−(iXaiXbiXciXddω2)iXa iXb iXcdω1
)
+12λ2
(
(iXaiXb iXdω1)iXaiXbω2
−(iXaiXbiXdω2)iXa iXbω1
)
. (28)
On the other hand, the action of iXdd on the same bracket gives
iXdd[iXb iXcω1, iXb iXcω2]SN =
1
q + 1
iXd
(
d(iXa iXbiXcω1) ∧ iXaiXbiXcdω2
)
+
1
q + 1
iXd
(
(iXa iXb iXcω1)diXaiXbiXcdω2
)
−
1
p+ 1
iXd
(
diXaiXbiXcω2 ∧ iXa iXbiXcdω1
)
−
1
p+ 1
iXd
(
(iXaiXbiXcω2)diXa iXb iXcdω1
)
=
(
p+ q − 4
(p+ 1)(q + 1)
)(
(iXa iXb iXciXddω1)iXa iXbiXcdω2
−(iXaiXb iXciXddω2)iXaiXb iXcdω1
)
+24λ2
(
(iXa iXbiXdω1)iXaiXbω2
−(iXaiXb iXdω2)iXa iXbω1
)
(29)
where we have used LXa = iXad + diXa which reduces to ∇Xa = iXad+ diXa in normal coordinates. For p = q = 3,
the second term on the right hand side of (26) gives a 1-form and we can see from (28) and (29) that
∇Xd [iXb iXcω1, iXbiXcω2]SN =
1
2
iXdd[iXb iXcω1, iXbiXcω2]SN (30)
which is the KY equation and this proves that the new bracket in (26) gives a KY form.
B. Symmetry Operator Algebra in AdS5
After defining the new bracket for KY forms as in (26), we can search for the algebra structure of first-order
symmetry operators of Killing spinor equation. For a KY p-form ω1 and a KY q-form ω2, where p and q are odd, one
7can write the action of two first-order symmetry operators on a Killing spinor ǫ by using (12) as
Lω1Lω2ǫ = Lω1
(
λqω2.ǫ+
q
2(q + 1)
dω2.ǫ
)
= λpω1.
(
λqω2.ǫ+
q
2(q + 1)
dω2.ǫ
)
+
p
2(p+ 1)
dω1.
(
λqω2.ǫ+
q
2(q + 1)
dω2.ǫ
)
= λ2pqω1.ω2.ǫ+ λ
pq
2(q + 1)
ω1.dω2.ǫ
+λ
pq
2(p+ 1)
dω1.ω2.ǫ +
pq
4(p+ 1)(q + 1)
dω1.dω2.ǫ (31)
and a similar calculation gives
Lω2Lω1ǫ = λ
2pqω2.ω1.ǫ + λ
pq
2(p+ 1)
ω2.dω1.ǫ
+λ
pq
2(q + 1)
dω2.ω1.ǫ+
pq
4(p+ 1)(q + 1)
dω2.dω1.ǫ. (32)
The difference of (31) and (32) corresponds the commutator of symmetry operators as follows
[Lω1 , Lω2]ǫ = λ
2pq[ω1, ω2]Cl.ǫ+ λ
pq
2(q + 1)
[ω1, dω2]Cl.ǫ
+λ
pq
2(p+ 1)
[dω1, ω2]Cl.ǫ +
pq
4(p+ 1)(q + 1)
[dω1, dω2]Cl.ǫ. (33)
On the other hand, the first-order symmetry operator constructed out of the new bracket of KY forms reads as
L[ω1,ω2]KY ǫ = λπ[ω1, ω2]KY .ǫ+
π
2(π + 1)
d[ω1, ω2]KY .ǫ
= λpq[ω1, ω2]SN .ǫ− λ
pq(p+ q − 5)
(p+ q)
[iXa iXbω1, iXaiXbω2]SN .ǫ
+
pq
2(p+ q)
d[ω1, ω2]SN .ǫ−
pq(p+ q − 5)
2(p+ q)(p+ q − 4)
d[iXa iXbω1, iXaiXbω2]SN .ǫ (34)
where we have used (26) and π denotes the degree of the form that appears in the definition of the symmetry operator,
for example, π ([ω1, ω2]SN ) = (p+q−1)[ω1, ω2]SN and π ([iXaiXbω1, iXaiXbω2]SN ) = (p+q−5)[iXaiXbω1, iXaiXbω2]SN .
In order to compare (33) and (34), we need to expand the brackets [., .]Cl and [., .]SN in terms of wedge products.
The Clifford commutator of two differential forms can be written in terms of wedge products as follows [17]
[ω1, ω2]Cl =
n∑
k=0
(−1)⌊k/2⌋
k!
{(
ηkiXI(k)ω1
)
∧ iXI(k)ω2 −
(
ηkiXI(k)ω2
)
∧ iXI(k)ω1
}
(35)
where ⌊⌋ is the floor function that takes the integer part of the argument, η is the main automorphism of the exterior
algebra that acts on a p-form α as ηα = (−1)pα and I(k) is a multi index. In five dimensions, higher than fifth order
contractions of forms will be zero and we have the following equality for odd KY forms
[ω1, ω2]Cl = 2ω1 ∧ ω2 − iXaiXbω1 ∧ iXaiXbω2 +
1
12
iXaiXb iXciXdω1 ∧ iXaiXb iXciXdω2. (36)
Similarly, other brackets in (33) can be written for odd forms in five dimensions as
[ω1, dω2]Cl = 2iXaω1 ∧ iXadω2 −
1
3
iXaiXb iXcω1 ∧ iXaiXb iXcdω2 (37)
[dω1, ω2]Cl = −2iXaω2 ∧ iXadω1 +
1
3
iXaiXbiXcω2 ∧ iXa iXbiXcdω1 (38)
[dω1, dω2]Cl = −2iXadω1 ∧ iXadω2 +
1
3
iXa iXbiXcdω1 ∧ iXaiXbiXcdω2. (39)
8The SN brackets in (34) can also be written in terms of wedge products from the definition (20) and by using KY
equation (9);
[ω1, ω2]SN =
1
q + 1
iXaω1 ∧ iXadω2 −
1
p+ 1
iXaω2 ∧ iXadω1. (40)
[iXa iXbω1, iXaiXbω2]SN =
1
q + 1
iXa iXbiXcω1 ∧ iXaiXbiXcdω2 −
1
p+ 1
iXaiXbiXcω2 ∧ iXa iXbiXcdω1. (41)
The exterior derivative of (40) can be found as follows
d[ω1, ω2]SN =
1
q + 1
diXaω1 ∧ iXadω2 +
1
q + 1
iXaω1 ∧ diXadω2
−
1
p+ 1
diXaω2 ∧ iXadω1 −
1
p+ 1
iXaω2 ∧ diXadω1
= −
p+ q
(p+ 1)(q + 1)
iXadω1 ∧ iXadω2 +
1
q
iXaω1 ∧Rba ∧ iXbω2 −
1
p
iXaω2 ∧Rba ∧ iXbω1
= −
p+ q
(p+ 1)(q + 1)
iXadω1 ∧ iXadω2 + 4λ
2(p+ q)ω1 ∧ ω2 (42)
where we have used (14) and curvature 2-forms in AdS5 as Rab = −4λ
2ea ∧ eb. The exterior derivative of (41) is
calculated as
d[iXa iXbω1, iXaiXbω2]SN = diXa iXb iXcω1 ∧ iXaiXbiXcdω2 + iXaiXb iXcω1 ∧ diXa iXbiXcdω2
−diXaiXbiXcω2 ∧ iXa iXbiXcdω1 − iXaiXb iXcω2 ∧ diXaiXb iXcdω1
= −
p+ q − 4
(p+ 1)(q + 1)
iXaiXb iXcdω1 ∧ iXaiXbiXcdω2
+24λ2iXaiXbω1 ∧ iXaiXbω2. (43)
Now we have all the brackets in (33) and (34) and we can compare them for different values of p and q. Since we
consider odd forms in five dimensions, p and q can take values 1, 3 and 5. So, we will investigate the different cases
separately as follows:
i) p = q = 1. This case reduces to the Lie derivatives with respect to Killing vector fields because of the second part
of (26) vanishes and SN bracket reduces to the Lie bracket of Killing vectors. So, the first-order symmetry operator
algebra structure correspons to the following propery of Lie derivatives
[LK1 ,LK2 ] = L[K1,K2] (44)
for two Killing vectors K1 and K2.
ii) p = 1, q = 3 or p = 3, q = 1 and p = 1, q = 5 or p = 5, q = 1. In those cases, since one of the KY forms is a
1-form, higher order contractions in the Clifford brackets (36)-(39) vanishes and (33) reduces to
[Lω1 , Lω2]ǫ = 2λ
2pq(ω1 ∧ ω2).ǫ+ λ
pq
q + 1
(iXaω1 ∧ iXadω2).ǫ
−λ
pq
p+ 1
(iXaω2 ∧ iXadω1).ǫ −
pq
2(p+ 1)(q + 1)
(iXadω1 ∧ iXadω2).ǫ. (45)
From the same reason mentioned above, (41) and (43) also vanishes and by using (40) and (42), the operator in (34)
reduces to
L[ω1,ω2]KY ǫ = λ
pq
q + 1
(iXaω1 ∧ iXadω2).ǫ − λ
pq
p+ 1
(iXaω2 ∧ iXadω1).ǫ
−
pq
2(p+ 1)(q + 1)
(iXadω1 ∧ iXadω2).ǫ+ 2λ
2pq(ω1 ∧ ω2).ǫ. (46)
By comparing (45) and (46), one can see that
[Lω1 , Lω2 ]ǫ = L[ω1,ω2]KY ǫ. (47)
9iii) p = 3, q = 5 or p = 5, q = 3 and p = q = 5. Let us first choose p = 3 and q = 5. In this case, ω2 is the constant
multiple of the volume form z, so we have dω2 = 0. The Clifford brackets in (36)-(39) turns into
[ω1, ω2]Cl = −iXa iXbω1 ∧ iXaiXbω2 (48)
[dω1, ω2]Cl =
1
3
iXaiXbiXcω2 ∧ iXa iXbiXcdω1 (49)
[ω1, dω2]Cl = [dω1, dω2]Cl = 0. (50)
However, in five dimensions with Lorentzian signature, the volume form z is in the center of the Clifford algebra and
it Clifford commutes with all other elements. So, we have
[ω1, ω2]Cl = [dω1, ω2]Cl = 0. (51)
This means that (33) is equal to zero in that case. On the other hand, (40)-(43) reduces to
[ω1, ω2]SN = d[ω1, ω2]SN = 0 (52)
[iXaiXbω1, iXaiXbω2]SN = −
1
p+ 1
iXaiXb iXcω2 ∧ iXaiXb iXcdω1
= −
3
p+ 1
[dω1, ω2]Cl
= 0 (53)
d[iXa iXbω1, iXaiXbω2]SN = 24λ
2iXaiXbω1 ∧ iXaiXbω2
= −24λ2[ω1, ω2]Cl
= 0. (54)
Those turns (34) into zero in that case, and we have the equality
[Lω1 , Lω2 ]ǫ = L[ω1,ω2]KY ǫ = 0. (55)
Similar reasoning gives exactly the same result for the case p = 5 and q = 3. For p = q = 5, we have two volume
forms and all Clifford and SN brackets will vanish, hence the result is (55) again.
iv) p = q = 3. In that case, (36) and (39) reduce to
[ω1, ω2]Cl = −iXa iXbω1 ∧ iXaiXbω2 (56)
[dω1, dω2]Cl =
1
3
iXaiXb iXcdω1 ∧ iXaiXbiXcdω2 (57)
while (37) and (38) remain unchanged. Thus, (33) can be written as
[Lω1 , Lω2 ]ǫ = −9λ
2(iXaiXbω1 ∧ iXaiXbω2).ǫ +
9
4
λ(iXaω1 ∧ iXadω2).ǫ
−
3
8
λ(iXa iXb iXcω1 ∧ iXaiXbiXcdω2).ǫ −
9
4
λ(iXaω2 ∧ iXadω1).ǫ
+
3
8
λ(iXa iXbiXcω2 ∧ iXaiXb iXcdω1).ǫ
+
3
64
(iXa iXb iXcdω1 ∧ iXaiXbiXcdω2).ǫ. (58)
The SN brackets (40), (41) and (43) are same, but since [ω1, ω2]SN is the volume form now, we have d[ω1, ω2]SN = 0.
Hence, (34) turns into
L[ω1,ω2]KY ǫ =
9
4
λ(iXaω1 ∧ iXadω2).ǫ −
9
4
λ(iXaω2 ∧ iXadω1).ǫ
−
3
8
λ(iXa iXb iXcω1 ∧ iXaiXbiXcdω2).ǫ+
3
8
λ(iXaiXb iXcω2 ∧ iXaiXb iXcdω1).ǫ
+
3
64
(iXa iXbiXcdω1 ∧ iXaiXbiXcdω2).ǫ − 9λ
2(iXa iXbω1 ∧ iXaiXbω2).ǫ (59)
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and one can see that (58) and (59) are equivalent to each other
[Lω1 , Lω2 ]ǫ = L[ω1,ω2]KY ǫ. (60)
So, we exhaust all the possibilities and prove that for the KY bracket defined in (26), the first-order symmetry
operators of Killing spinor equation defined in (12) constitute an algebra structure in AdS5 which means that there are
no higher-order symmetry operators of Killing spinor equation. Hence, we can construct all elements of the symmetry
algebra and this provides a way to obtain a general solution of the Killing spinor equation by means of separation
of variables. Although there are alternative methods to solve the Killing spinor equation in AdS spacetimes [26],
this method gives a general approach that can also be applied to other constant curvature spacetimes with relevant
modifications.
The importance of finding the solutions of the Killing spinor equation in constant curvature spacetimes relies on the
fact that the maximally supersymmetric supergravity backgrounds such as Freund-Rubin backgrounds AdS4 × S
7,
AdS7 × S
4 and AdS5 × S
5 have a direct product structure in terms of them. In Freund-Rubin backgrounds, the
supergravity Killing spinors which are defined as the solutions of the supergravity Killing spinor equations obtained
from the variation of the gravitino field and determine the number of preserved supersymmetries in those backgrounds,
can be obtained from the geometric Killing spinors (5) in component spacetimes [27]. So, obtaining the solutions of
the Killing spinor equation gives rise to finding supergravity Killing spinors in Freund-Rubin backgrounds.
Besides the importance of the algebra structure of first-order symmetry operators of Killing spinor equation in its
own, it is also related to possible extensions of Killing superalgebras to higher-degree forms in constant curvature
spacetimes. Indeed, this symmetry algebra property corresponds to one of the Jacobi identities of the extended Killing
superalgebras. That gives way to the question that whether the other Jacobi identities can also be satisfied and the
Killing superalgebras can be extended to include higher-degree KY forms. We will focus on this problem in the next
section.
III. LIE SUPERALGEBRAS AND THEIR EXTENSIONS
Supersymmetric supergravity backgrounds are characterized by the number of preserved supersymmetries on them
which correspond to the solutions of the supergravity Killing spinor equations. An important invariant of the su-
pergravity backgrounds is the Lie superalgebra generated by supergravity Killing spinors. The odd part of the
superalgebra corresponds to the space of Killing spinors and the even part is the Lie algebra of Killing vector fields
that are constructed from supergravity Killing spinors. This Lie superalgebra is called Killing superalgebra and some
geometrical properties of supergravity backgrounds can be obtained from it. So, they play an important role in the
classification problem of supergravity backgrounds.
Similarly, for the manifolds that admit geometric Killing spinors, a Killing superalgebra can be constructed from
Killing vector fields generated by them. However, the squaring map of Killing spinors give also higher-degree KY forms
and they satisfy a graded Lie algebra structure in constant curvature spacetimes. Hence, the question of under which
conditions the extension of Killing superalgebras to include KY forms is possible will be investigated in this section.
Although there are some attempts to generalize the Killing superalgebras to the so-called maximal superalgebras,
general constructions have not been achieved yet [27–30]. We first define Lie superalgebras and Killing superalgebras
and then investigate the conditions to extend them to inlude KY forms in AdS5 spacetimes in the light of the results
of the previous section.
A Lie superalgebra g = g0 ⊕ g1 consists of an even part g0 which is a Lie algebra and an odd part g1 which is a
g0-module. A bilinear multiplication on the superalgebra is defines as
[., .] : gi × gj −→ gi+j (61)
where i, j = 0, 1 mod 2. This Lie bracket satisfy the following (skew)-supersymmetry and super-Jacobi identities
[a, b] = −(−1)|a||b|[b, a]
[a, [b, c]] = [[a, b], c] + (−1)|a||b|[b, [a, c]] (62)
where a, b, c are elements of g and |a| denotes the degree of a which corresponds to 0 or 1 depending on a is in g0 or
g1, respectively. For a Killing superalgebra, g1 corresponds to the space of Killing spinors and g0 corresponds to the
Lie algebra of Killing vector fields constructed out of Killing spinors. The Lie brackets of the superalgebra are defined
as follows. The Lie bracket that takes two even elements and give another even element is the ordinary Lie bracket
of vector fields;
[., .] : g0 × g0 −→ g0. (63)
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The Lie bracket that takes one even and one odd element and gives an odd element corresponds to the spinor Lie
derivative with respect to Killing vector fields;
L : g0 × g1 −→ g1 (64)
which is defined in (8). The Lie bracket that takes two odd elements and give an even element is the squaring map
of the spinors;
( )1 : g1 × g1 −→ g0 (65)
which is defined for spinors ǫ and κ as the metric dual of the following 1-form in terms of the co-frame basis ea
(ǫκ¯)1 = (ǫ, ea.κ)e
a (66)
and corresponds to a Killing vector, where ( )1 denotes the projection on the 1-form component of the inhomogeneous
form ǫκ¯ and κ¯ is the dual of the spinor κ with respect to the spinor inner product (., .). For ǫ = κ, this quantity is
called the Dirac current Vǫ of the spinor ǫ.
To obtain the consistency of the Killing superalgebra constructed above, the Jacobi identities of the Lie superalgebra
must be satisfied. There are four different Jacobi identities for even and odd parts of the superalgebra. The [g0, g0, g0]
component is the Jacobi identity of the Lie algebra of Killing vector fields and obviously satisfied. The [g0, g0, g1]
component is the following property of the spinor Lie derivative on spinors;
[LK1 ,LK2 ]ǫ = L[K1,K2]ǫ (67)
for two Killing vectors K1 and K2. This corresponds to the algebra structure of first-order symmetry operators of
Killing spinor equation for Killing vectors in (44). The [g0, g1, g1] component is the compatibility of Lie derivative on
differential forms and Lie derivative on spinors;
LK(ǫκ¯) = (LKǫ).κ¯+ ǫ.LKκ. (68)
The [g1, g1, g1] component corresponds to the property that the Lie derivative of a Killing spinor with respect to its
Dirac current vanishes;
LVǫǫ = 0. (69)
To obtain an extension of the Killing superalgebra which includes higher-degree KY forms, we need to define
the new brackets in the extended superalgebra and check the consistency of the Jacobi identities. We denote the
extended superalgebra as g¯ = g¯0 ⊕ g¯1. We consider the AdS5 spacetime and the brackets of KY forms and symmetry
operators of Killing spinors defined on it in the previous section. So, the even part of the superalgebra consists of
g¯0 = Λ
1V ⊕ Λ3V ⊕ Λ5V where ΛpV denotes the space of KY p-forms. The odd part is not changed and defined as
g¯1 = S where S is the space of Killing spinors. The bracket of the even part is the KY bracket defined in (26) since
it takes odd KY forms and gives again odd KY forms
[., .]KY : g¯0 × g¯0 −→ g¯0 (70)
The action of the even part to the odd part corresponds to the symmetry operators of Killing spinors defined in (12)
L : g¯0 × g¯1 −→ g¯1 (71)
The bracket that takes two odd elements and give an even element is the squaring map of spinors projected on odd
forms
( )p : g¯1 × g¯1 −→ g¯0 (72)
This is defined as follows. The Clifford product of a spinor ǫ and its dual ǫ¯ can be witten as an inhomogeneous
differential form as
ǫǫ¯ = (ǫ, ǫ) + (ǫ, eaǫ)e
a + (ǫ, ebaǫ)e
ab + ...+ (ǫ, eap...a1ǫ)e
a1...ap + ...+ (−1)⌊n/2⌋(ǫ, zǫ)z (73)
where (., .) is the spinor innner product, z is the volume form and ea1...ap = ea1 ∧ ... ∧ eap . This equality is called the
Fierz identity and the left hand side corresponds to the spinor bilinear constructed out of ǫ. The p-form projections
on the right hand side which are defined as
(ǫǫ¯)p = (ǫ, eap...a1ǫ)e
a1...ap . (74)
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are called p-form Dirac currents. It is shown in [11] that the p-form projections of the spinor bilinears of Killing spinors
correspond to KY forms for p odd. So, we have a well-defined bracket in (72). Now, we investigate the even-even-odd,
odd-odd-odd, even-even-even and even-odd-odd Jacobi identities and find the constraints on extending the Killing
superalgebra.
The [g¯0, g¯0, g¯1] Jacobi identity corresponds to the algebra of first-order symmetry operators of Killing spinor equation
which was the main motivation for investigating the extension of Killing superalgebras in AdS5. It is proved in the
previous section that we have the equality
[Lω1 , Lω2 ]ǫ = L[ω1,ω2]KY ǫ (75)
for two odd KY forms ω1 and ω2. [g¯0, g¯0, g¯0], [g¯0, g¯1, g¯1] and [g¯1, g¯1, g¯1] Jacobi identities are written as follows
[ω1, [ω2, ω3]KY ]KY + [ω2, [ω3, ω1]KY ]KY + [ω3, [ω1, ω2]KY ]KY = 0. (76)
[ω, (ǫκ¯)]KY = Lωǫ.κ¯+ ǫ.Lωκ. (77)
(
L(ǫǫ¯)1 + L(ǫǫ¯)3 + L(ǫǫ¯)5
)
ǫ = 0. (78)
However, these identities imply that KY 3-forms and 5-form have only vanishing brackets with other elements of
the superalgebra. This means that the Killing superalgebra of AdS5 cannot be extended to include higher-degree
forms since the brackets defined in (70), (71) and (72) give non-zero values for those forms. Since we can define the
superalgebra brackets (70)-(72) consistently, the Killing spinors and odd KY forms constitute a superalgebra structure
with respect to these brackets, but it does not correspond to a Lie superalgebra because of the reason that all Jacobi
identities are not satisfied. This implies the existence of an extended rigid supersymmetry algebra rather than an
extended supergravity Lie superalgebra in AdS5 background.
IV. CONCLUSION
First-order symmetry operators of Killing spinor equation are constructed from odd KY forms. In constrast to the
symmetric Killing tensors, KY forms do not have a Lie algebra structure in general. However, they satisfy a graded
Lie algebra in constant curvature spacetimes with respect to the SN bracket. Moreover, odd KY forms themselves
constitute a Lie algebra under this bracket. Yet this does not mean that the first-order symmetry operators of
Killing spinors can satisfy a closed algebra with respect to the SN bracket. We show that a symmetry algebra of
first-order symmetry operators of Killing spinors can be constructed in five dimensional constant curvature spatimes,
especially in AdS5, by modifying the SN bracket to the KY bracket defined in (26). This procedure is also relevant
for other five or lower dimensional constant curvature spacetimes. Finding a first-order symmetry operator algebra
means that the solutions of the Killing spinor equation can be investigated by using symmetry properties. Since
Killing spinors can be used to construct supergravity Killing spinors, which are parallel spinors with respect to a
supergravity spin connection, by the method of cone construction, this will also lead to the solutions of supergravity
Killing spinors. Indeed, the method of finding the symmetry operator algebra of Killing spinors can be applied to
other higher dimensional spacetimes by taking different modifications of SN bracket with relevant coefficients.
The equation that defines the symmetry operator algebra property of Killing spinors corrresponds to a Jacobi
identity in extended Killing superalgebras. Killing superalgebras contain Killing spinors and Killing vector fields
constructed out of them by the squaring map. However, the squaring map of Killing spinors also generates higher-
degree KY forms and the inclusion of these higher-degree forms to the Killing superalgebra can be possible. We
showed that in AdS5 backgrounds, the space of Killing spinors and odd KY forms constitute a superalgebra but not
a Lie superalgebra since the Jacobi identities of extended Killing superalgebra constrain the Lie brackets defined for
higher-degree forms and the Killing superalgebra cannot be extended in this case. The constructed rigid superalgebra
may have relations to a supersymmetric field theory in the background rather than a supergravity theory.
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